The usual assumption one makes to define totally real or pseudoholomorphic immersions of real surfaces in a four-manifold M is that M carries a fixed almost complex structure. We extend both definitions to a more general case of a spin cmanifold M with a 'Higgs field', that is, a generic smooth section of the positive half-spinor bundle, and describe all pseudoholomorphic immersions of closed surfaces in the fourdimensional sphere endowed with a standard Higgs field.
Introduction
Almost complex structures on real manifolds of dimension 2n are wellknown to be, essentially, a special case of spin c -structures. This amounts to a specific Lie-group embedding U(n) → Spin c (2n) (see [7, p. 392 ] and Remark 7.1 below). The present paper deals with the case n = 2. The relation just mentioned then can also be couched in the homotopy theorists' language: for a compact four-manifold M with a fixed CW-decomposition, a spin c -structure over M is nothing else than an almost complex structure on the 2-skeleton of M, admitting an extension to its 3-skeleton; the extension itself is not a part of the data. (Kirby [6] attributes the italicized comment to Brown.)
Our approach is explicitly geometric and proceeds as follows. Given an almost complex structure J on a 4-manifold M , one can always choose a Riemannian metric g compatible with J, thus replacing J by an almost Hermitian structure (J, g) on M . The latter may in turn be treated as a spin c -structure on M with a fixed unit C ∞ section ψ of its positive halfspinor bundle σ + (cf. §7). Complex points of an immersion in M of any oriented real surface Σ then can be directly described in terms of ψ rather than J. Such a description is presented in the initial part of the paper, culminating in Theorem 12.1. Moreover, when Σ is compact, the net total number of complex points for a generic immersion Σ → M depends just on the underlying spin c -structure, not even on ψ (see Corollary 12.2).
Imitating the above description, we may define complex points of a realsurface immersion Σ → M , where M is a 4-manifold with a spin c -structure and any fixed section ψ of σ + . This raises the question of finding a suitable additional requirement on ψ, for which the corresponding notion of a complex point and the resulting classes of totally real and pseudoholomorphic immersions would be less restrictive than for almost complex structures, yet still interesting and reasonable. (As an "unreasonable" example, choose ψ to be the zero section; then every immersion is pseudoholomorphic.)
The definition we propose, in §13, is that of a Higgs field for a given spin c -structure on a 4-manifold, which is a C ∞ section ψ of σ + transverse to the zero section, and defined only up to a positive functional factor.
The notions of totally real and pseudoholomorphic immersions of oriented real surfaces Σ now have straightforward extensions to the case where the receiving 4-manifold M is endowed with a spin c -structure and a Higgs field. We observe, in §14, that the former immersions have properties analogous to those in the almost-complex case, and classify the latter ones when M is S 4 with a "standard" Higgs field and Σ is a closed surface (see §20).
Unlike almost complex structures, Higgs fields exist in every spin c -structure, which in turn exists on every 4-manifold. On the other hand, pseudoholomorphic immersions of surfaces have been used, with great success, to probe the topology of symplectic manifolds, especially in dimension 4. One may therefore wonder if they could similarly be employed as a tool for studying more general 4-manifolds with Higgs fields.
Preliminaries
'Planes' and 'lines' always mean vector spaces. A real/complex vector space V is called Euclidean/Hermitian if dim V < ∞ and V carries a fixed positive-definite inner product (always denoted , , with the symbol | | used for its associated norm). Such , is uniquely determined by Re , or | |.
Remark 2.1. We identify oriented (real) Euclidean planes with (complex) Hermitian lines, so that both inner products have the same real part and norm, and multiplication by i is the positive rotation by the angle π/2.
All manifolds are assumed connected except when stated otherwise, while most real manifolds we deal with are oriented and of class C ∞ . The orientations for orthogonal complements of real vector subspaces Cartesian products, total spaces of locally trivial bundles, preimages of regular values of mappings, and (cf. (a) in §11) zero sets of transverse sections in vector bundles, are all obtained using the direct-sum convention; since the real dimensions involved are all even, no ambiguity arises even if the order of the summands is not specified. This is consistent with the convention which treats (almost) complex manifolds as oriented real manifolds, declaring that (1) (e 1 , ie 1 , . . . , e n , ie n ) is a positive-oriented real basis of a complex vector space with a complex basis (e 1 , . . . , e n ).
We also deal with inner-product spaces, including normed lines, over the field H of quaternions. The H-sesquilinearity requirement imposed on an H-valued inner product , in a quaternion vector space W with dim W < ∞ includes the condition px, qy = p x, y q for x, y ∈ W and p, q ∈ H.
Using the inclusion C = Span R (1, i) ⊂ H, we will treat any such W as a complex Hermitian space, with the C-valued inner product having the same real part (or, equivalently, the same associated norm) as the original , . Denoting K any of the scalar fields R, C, H, we let G m (W ) stand for the Grassmannian manifold of all subspaces L with dim K L = m in a given vector space W over K, where
for any basis w = (w 1 , . . . , w m ) of L and any right inverse R of the projection W → W/L. Here π is the standard projection onto G m (W ) of the Stiefel manifold St m (W ), i.e., the open set in the mth Cartesian power W m formed by all linearly independent systems w = (w 1 , . . . , w m ), and RAw = (RAw 1 , . . . , RAw m ), so that
Next, let P (W ) ≈ KP n−1 be the projective space of all lines in a vector space W over K with 1 ≤ dim W < ∞.
Remark 2.3. Given W, K as above, a codimension-one subspace V of W , and a vector u ∈ W V , let M ′ be the complement of P (V ) in P (W ). The mapping Θ : V → M ′ defined by Θ(y) = Kw with w = y+u then clearly is a C ∞ diffeomorphism, while Θ −1 represents a standard projective coordinate system in P (W ). Also, let A = dΘ y v for any y ∈ V and v ∈ V = T y V . Using (2) with L = Θ(y) to treat A as an operator L → W/L, we then have Aw = v + L, where w = y + u. This is clear from Remark 2.2 for m = 1, as Θ is the restriction to V of the translation by u followed by the projection π : W {0} → P (W ), and so dΘ y v = dπ w v by the chain rule.
The Grassmannian of oriented planes
Let G + 2 (W ) be the Grassmannian of real oriented planes in a real vector space W with dim W < ∞, so that G + 2 (W ) is a two-fold covering manifold of G 2 (W ) defined as in §2 for K = R. Any inner product in W makes G + 2 (W ) an almost complex manifold, and so, by (1), G + 2 (W ) is naturally oriented. In fact, an oriented Euclidean plane T ∈ G + 2 (W ) is a complex line (Remark 2.1), which turns the tangent space of G + 2 (W ) at T , i.e., Hom R (T , W/T ) (see §2), into a complex vector space.
Remark 3.1. If, in addition, W itself is the underlying real space of a complex vector space, G + 2 (W ) contains two disjoint, embedded complex manifolds P (W ), P (W ), which are copies of the complex projective space of W consisting of all complex lines in W treated as real planes oriented, in the case of P (W ), by the complex-line orientation with (1), or, for P (W ), by its opposite. The almost complex structure in G + 2 (W ), obtained as above from a Euclidean inner product in W which is the real part of a Hermitian inner product, then makes the differential of the inclusion
) complex-linear (or, respectively, antilinear) at each point. This is clear from (2) and its analogue for
For a 4-manifold M , the 8-dimensional Grassmannian manifold G + 2 M is the total space of the bundle over M with the fibres G
M , due to the natural orientations of its fibres (see above). If M is the underlying oriented 4-manifold of an almost complex surface, cf. (1), the oriented 8-dimensional manifold G + 2 M has two distinguished 6-dimensional submanifolds Q and Q, which form total spaces of CP 1 -bundles over M . Their fibres over any y ∈ M are P (W ) and P (W ), defined as in Remark 3.1 for W = T y M . Both Q and Q are orientable. We will always treat them as oriented manifold, choosing, however, the opposites of their natural orientations. Specifically, the orientations we use are the direct sums of the orientation with (1) on the base M and the orientations of the fibres P (W ) and P (W ), with W = T y M , which are opposite to their natural orientations of complex projective lines.
Complex points of immersed real surfaces
Any real plane T in a complex plane V (see §2) either is a complex line, or is totally real in the sense that Span C T = V .
Let M be an almost complex surface (dim R M = 4). An immersion f : Σ → M of a real surface Σ is said to have a complex point at x ∈ Σ if τ x = df x (T x Σ) is a complex line in T f (x) M . One calls f totally real or pseudoholomorphic if it has no complex points or, respectively, only complex points. Thus, f is totally real if and only if τ x is totally real in T f (x) M for every x ∈ Σ. On the other hand, if f is pseudoholomorphic, Σ acquires a natural orientation, pulled back to T x Σ from τ x by df x for every x ∈ Σ. We say that f is a pseudoholomorphic immersion in M of an oriented real surface Σ if this orientation coincides with the one prescribed in Σ or, equivalently, if F (Σ) ⊂ Q (with F, Q as at the end of §3). See [1] , [5] .
The determinant bundle det R η (or, det C η) of a rank k real/complex vector bundle η is its highest exterior power η ∧k . For an immersion f of a real surface Σ in an almost complex surface M ,
One then also has a natural orientation-reversing vector-bundle isomorphism between the tangent bundle T Σ and the normal bundle ν f , that is, (4) ν f = T Σ whenever f is totally real and Σ is oriented.
These well-known facts follow since f * T M = Span C τ = τ ⊕ iτ , where τ stands for the subbundle df (T Σ) of f * T M . Thus, ν f = iτ , which gives (4) as the multiplication by i is orientation-reversing (by (1)), while f * T M coincides with the complexification τ C of τ ≈ T Σ, and so
is obvious: namely, det R T Σ is trivial if Σ is closed and orientable, and
If M is an almost complex surface, f : Σ → M is an arbitrary immersion of a closed, oriented real surface, and · denotes the intersection form in
, we may replace (3) by the following formula, proved later in Corollary 12.2: with Q, Q defined at the end of §3,
where
When f is totally real, Q ∩ F (Σ) = Q ∩ F (Σ) = Ø, and (5) becomes (3). (5) represents the net total number of complex points of f . In fact, given an immersion f of an oriented real surface Σ (closed or not) in an almost complex surface M , every complex point x of f is a Q-complex point or a Q-complex point, in the sense that F (x) ∈ Q or, respectively, F (x) ∈ Q. The index of such an immersion f , at any isolated complex point x ∈ Σ, is defined to be the intersection index that the immersion F : Σ → G + 2 M has, at the isolated intersection point x, with the disconnected oriented 6-manifold Q ∪ Q ⊂ G 
Spin c (4)-geometries
The terms 'Hermitian plane/line' refer, as in §2, to complex vector spaces.
We treat the quaternion algebra H as a Hermitian plane, with the multiplication by complex scalars declared to be the right quaternion multiplication by elements of C = Span R (1, i) ⊂ H, and with the inner product , making the C-basis 1, j orthonormal, so that it corresponds to the norm | | with |p| 2 = pp. Somewhat surprisingly, (6) 1, i, j, k form a negative-oriented real basis of H, as the C-basis 1, j leads to the positive-oriented R-basis 1, i, j, ji (see (1) ) and ji = −k. For a, b, x, y, u, v ∈ C we have aj = ja, and so, in H,
Definition 5.1. By a spin c (4)-geometry we mean a triple (S + , S − , K) consisting of two Hermitian planes S ± and a Hermitian line K, endowed with two fixed norm-preserving isomorphic identifications [
The inner products in [S ± ] ∧2 , used here, are induced by those of S ± , via the formula |φ ∧ χ| 2 = |φ| 2 |χ| 2 − | φ, χ | 2 . Thus, instead of assuming that such identifications are given, we could require that there be skew-symmetric bilinear multiplications S ± × S ± → K which, written as (φ, χ) → φ ∧ χ, satisfy the last formula or, equivalently, the condition |φ ∧ χ| = |φ| |χ| whenever φ, χ = 0.
An example of a spin c (4)-geometry is S ± = C 2 , K = C with both skew-symmetric multiplications given by φχ = ad − bc for φ = (a, b), χ = (c, d). Any spin c (4)-geometry (S + , S − , K) is equivalent to this one under an isomorphism obtained by choosing bases (φ ± , χ ± ) in S ± with
Every spin c (4)-geometry (S + , S − , K) gives rise to a determinant mapping det : Hom(S + , S − ) → C such that, for A : S + → S − , the operator
Let us call A ∈ Hom(S + , S − ) a homothety if |Aφ| = |A| |φ| for some |A| ≥ 0 and all φ ∈ S + , and set
A is a homothety and det A ∈ [0, ∞)} .
Remark 5.2. Any fixed φ ± , χ ± with (8) obviously make V correspond to the set of all 2 × 2 matrices appearing in (7), with a, b ∈ C. Thus, V is a real vector space, dim R V = 4, and A → |A| is a Euclidean norm in V, with |A| 2 = det A = |a| 2 + |b| 2 if a, b ∈ C represent A as above. Also, V is canonically oriented, by (1), since every choice of bases (φ ± , χ ± ) with (8) leads to an isomorphism V → C 2 , and such (φ ± , χ ± ) form an orbit of the connected Lie subgroup Spin c (4) of U(2) × U(2) consisting of all (A, B) with det A = det B.
Lemma 5.3. For any spin c (4)-geometry (S + , S − , K) there exist norm-preserving real-linear isomorphic identifications S ± = H and V = H, which are also complex-linear for S ± and orientation-preserving for V, with (6), and which make the Clifford multiplication V × S + → S − , i.e., the evaluation pairing (A, φ) → Aφ, appear as the quaternion multiplication. Specifically, such identifications are provided by declaring φ ± equal to 1 ∈ H and χ ± equal to j ∈ H, for any fixed (φ ± , χ ± ) with (8).
This is clear from (7) and Remark 5.2. Insisting in Lemma 5.3 that the identification V = H be orientation-preserving might seem pedantic -after all, the orientation of V can always be reversed. The point is, however, that given a spin c -structure on a 4-manifold M , the canonical orientation of V leads to an orientation of M (see §6). When the spin c -structure comes from an almost complex structure (along with a compatible metric, cf. §7), the latter orientation agrees with another canonical orientation of M , provided by (1) . Without this agreement, the generalization of formula (4), obtained in §14, might well read ν f = T Σ instead of ν f = T Σ.
Spin c -structures over 4-manifolds
By a spin c -structure over a four-manifold M we mean a triple (σ + , σ − , κ) of complex vector bundles of ranks 2, 2 and 1 over M , all endowed with Hermitian fibre metrics, whose fibres form, at every point y ∈ M , a spin c (4)-geometry (Definition 5.1), varying with y, and such that the associated space V = V y with (9) has a fixed isomorphic identification with T y M depending, along with the spin c (4)-geometry itself, C ∞ -differentiably on y. (See [7] , [9] .) In other words, we then have fixed norm-preserving identifications
which is a C ∞ morphism of real vector bundles acting, at every y ∈ M , as a pairing
(Unimodularity makes sense here, since both σ ± have the same determinant bundle κ.) This defines a Euclidean norm v → |v| in T y M , and hence a Riemannian metric g on M . Also, M is canonically oriented (since so is the space V with (9)). In other words, a spin c -structure really lives over an oriented Riemannian 4-manifold.
A special case is a spin structure (σ + , σ − ) for a 4-manifold M , that is, a spin c -structure (σ + , σ − , κ) over M in which κ is the product line bundle M × C with the standard (constant) fibre metric. See [8] , [7] .
Almost complex surfaces as spin c -manifolds
An almost Hermitian structure (J, g) on a manifold M consists of an almost complex structure J on M and a Riemannian metric g on M compatible with J. Such (J, g) may be viewed as a special case of a spin c -structure (see [7] , [9] ), as described below in real dimension 4.
More precisely, almost Hermitian structures on any 4-manifold M are in a natural bijective correspondence with pairs formed by a spin c -structure (σ + , σ − , κ) over M and a global unit C ∞ section ψ of σ + .
In fact, given such (σ + , σ − , κ) and ψ, the Clifford multiplication by ψ identifies T M with σ − , thus introducing an almost complex structure J on M , compatible with the Riemannian metric g on M obtained as the real part of the Hermitian fibre metric , in σ − (which, since |ψ| = 1, is the same g as in §6). In addition, we have a natural isomorphic identification σ + = ι ⊕ κ for the trivial complex line bundle ι = M × C, where the subbundles Span C ψ and ψ ⊥ of σ + are identified with ι and κ via the norm-preserving isomorphisms φ → ψ, φ and φ → ψ ∧ φ.
Conversely, any almost Hermitian structure (J, g) on M arises in this manner from (σ + , σ − , κ), where σ − = T M with the Hermitian fibre metric , whose real part is g, while κ = det C T M and σ + = ι ⊕ κ for ι = M × C as above. This identifies κ with both [σ ± ] ∧2 , as required. Also, σ + is naturally a real vector subbundle of η = Hom R (T M, T M ). Namely, the sections of ι provided by the constant functions 1, i : M → C are to be identified with the sections Id and J of η, while κ = det C T M becomes a subbundle of η if one lets u ∧ v ∈ κ y , for any y ∈ M , operate on vectors w ∈ T y M via w → v, w u − u, w v. The Clifford multiplication by w ∈ T y M , for y ∈ M , then is the evaluation operator σ + y ∋ A → Aw ∈ σ − y . (That |Aw| = |A||w| is easily verified if one writes A = (a, bu ∧ v) with a, b ∈ C and , -orthonormal vectors u, v ∈ T y M .) The distinguished unit section ψ of σ + is the constant function 1 identified as above with a section of ι ⊂ σ + , so that the Clifford multiplication by ψ is a C-linear bundle isomorphism T M → T M = σ − . Therefore, these (σ + , σ − , κ) and ψ in turn lead, via the construction of the preceding paragraph, to the original (J, g).
Remark 7.1. For n = 2, the Lie-group embedding U(n) → Spin c (2n) mentioned in §1 is given by A → (diag(1, det A), A), in the notation of Remark 5.2. (See [9, p. 53] .) In fact, given an almost complex surface M and y ∈ M , it is this homomorphism that renders equivariant the mapping which sends any orthonormal basis (φ − , χ − ) of σ − y = T y M to the basis (φ + , χ + , φ − , χ − ) of σ + y ⊕ σ − y with (8), defined by φ + = 1 and χ + = φ − ∧ χ − , where σ + y = C ⊕ κ y , and so φ + ∈ C ⊂ σ + y , while χ + ∈ κ y ⊂ σ + y .
An explicit diffeomorphism S
Namely, given a spin c (4)-geometry (S + , S − , K) and any complex lines L ⊂ S + and L ′ ⊂ S − (cf. §2), let T = Ψ (L, L ′ ) be the real subspace {A ∈ V : AL ⊂ L ′ } of the oriented real 4-space V given by (9) . Then (a) T is naturally real-isomorphic to the complex line Hom(L, L ′ ). Thus, dim T = 2 and T is canonically oriented, i.e., T ∈ G
, where T ⊥ ⊂ V is the orthogonal complement of the oriented plane T , endowed with the nonstandard orientation (cf. §2). (c) Given ψ ∈ S + {0}, we have ψ ∈ L (or, ψ ∈ L ⊥ ) if and only if the operator T ∋ A → Aψ ∈ S − is an orientation preserving (or, reversing) real-linear isomorphism onto a complex line in
The remainder of this section is devoted to proving (a) -(c) and (10). We set S ± = V = H, as in Lemma 5.3, and choose p, q ∈ H {0} with L = pC, L ′ = q C. Then T = {x ∈ H : xp ∈ q C} = q Cp −1 , with C = Span R (1, i) ⊂ H, so that (a) follows, and (qp −1 , q ip −1 ) is a positiveoriented basis of T .
Since the quaternion norm is multiplicative, the left or right multiplication by a nonzero quaternion is a homothety. Given p, q ∈ H {0}, both (p, pi, pj, pk) and (q p −1 , q ip −1 , q jp −1 , q kp −1 ) thus are real-orthogonal bases of H. For L = pC we now have L ⊥ = pjC (as one sees using the first basis: (p, pi) is an R-basis of L, and so pj and −pk = pji must form an R-basis of L ⊥ ). Also, since T = Span R (q p −1 , q ip −1 ), orthogonality of the second basis implies that
, which proves (b). (We write T ⊥ rather than T ⊥ , since the positive-oriented basis (qp −1 , q ip −1 ) of T and its analogue (q(pj) −1 , q i(pj) −1 ) = (−q jp −1 , −q kp −1 ) for the orthogonal complement together form a negative-oriented basis of H = V, due to (6) and connectedness of H {0}.)
Furthermore, the C-linear operator H → H of left multiplication by any fixed nonreal quaternion, being a matrix operator of the form (7), must have a pair of conjugate nonreal eigenvalues. By Lemma 5.3, this applies to Ω = A −1 B : S + → S + (or, Ω = −AB −1 : S − → S − ) whenever A, B ∈ V are linearly independent over R. For any T ∈ G Finally, according to the above description of
, and so L ⊥ must be Ω-invariant as long as L is.) In other words, ψ ∈ L (or, ψ ∈ L ⊥ ) if and only if (Aψ, Bψ) is a positive (or, negative) oriented real basis of a complex line. This yields (c).
Line bundles associated with a spin c -structure
Given a spin c -structure (σ + , σ − , κ) over a 4-manifold M (see §6), let λ + and λ − be the complex line bundles over the Grassmannian manifold G (10), where (S + , S − , K) = (σ + y , σ − y , κ y ) and V, given by (9) , is identified with T y M . We then have
for the bundle projection π : G + 2 M → M and the line bundles µ ± which are the orthogonal complements of λ ± in π * σ ± . (The natural isomorphic identification in (11-b) is obvious from (11-a) as κ = [σ ± ] ∧2 , cf. §6.)
We wish to emphasize that even when the spin c -structure (σ + , σ − , κ) in question arises from an almost Hermitian structure (J, g), as in §7, J and g do not seem to provide any shortcuts for defining λ ± and µ ± . If anything, they are rather an impediment, unless one simply ignores them; this amounts to ignoring both the decomposition σ + = ι ⊕ κ and the presence of a distinguished unit section ψ of σ + and, in effect, treating (σ + , σ − , κ) as if it were just any spin c -structure, with no additional features.
For any oriented 4-manifold M and G + 2 M, π as above, the tangent bundle T [G + 2 M ] admits specific oriented real-plane subbundles τ, ν such that
. Namely, τ is the tautological bundle with the fibre T ⊂ T y M over any (y, T ). The other summand ν, which might be called the tautonormal bundle, is obtained by choosing a Riemannian metric on M and setting ν = τ ⊥ ⊂ π * T M .
If M now happens to be the canonically-oriented base manifold of a spin cstructure (σ + , σ − , κ), the definitions of λ ± , µ ± and (a), (b) in §8 give the following natural isomorphic identifications of oriented real-plane bundles:
with ν standing for ν with the reversed orientation. We may treat τ, ν as complex line bundles, using their orientations and the fibre metrics on them induced by a fixed Riemannian metric on M , along with Remark 2.1 (or, just (12)). Then ν = ν * and Hom C (ν, τ ) = ν ⊗ τ , so that, by (12),
.e., a natural isomorphism also exists between Hom C (ν, τ ) and Hom C (λ + , µ + ).
Since T Σ = F * τ and ν f = F * ν, where ν f and F : Σ → G + 2 M are the normal bundle and the Gauss mapping of any given immersion f : Σ → M of an oriented real surface Σ (see §3), this leads to an adjunction formula, which equates Hom C (ν f , T Σ) with the F -pullback of Hom C (λ + , µ + ).
The mapping (10) and antilinearity
Let V be the real 4-space with (9) for a spin c (4)-geometry (S + , S − , K), and let Ψ be the diffeomorphism appearing in (10). Then, for any L ′ ∈ P (S − ),
is antilinear at every point of P (S + ), antilinearity referring to the standard complex structure of the complex projective line P (S + ) and the almost complex structure on G + 2 (V) associated, as in §3, with the Euclidean inner product in V mentioned in Remark 5.2.
In fact, let S ± = V = H as in Lemma 5.3. As stated in to the two paragraphs following (10), for any given L ∈ P (S + ) and L ′ ∈ P (S − ) we then have L = pC, L ⊥ = pjC and L ′ = q C with some unit quaternions p, q, and so (q p, q ip) is a positive-oriented basis of the plane T = Ψ (L, L ′ ), i.e., T = q Cp, while T ⊥ = q Cjp. (Note that p −1 = p since |p| = 1.) As usual, C = Span R (1, i) ⊂ H. Thus, we may write T = C, identifying z ∈ C with qzp. The above basis of T then becomes (1, i), so that C with its usual structure is precisely the complex line formed by the oriented Euclidean plane T (see Remark 2.1).
By
We will now show that the differential of the mapping (13) at L sends every c ∈ C = T L [P (S + )] to the operator A c : C → T ⊥ given by A c z = −qz cjp (with T = C as before). Since A ic z = −A c (iz), (13) will follow.
To this end, let us replace p by a C 1 function of a real parameter t, valued in unit quaternions, equal at t = 0 to the original p, and such that dp/dt at t = 0 equals pjc. Then dw/dt at t = 0 for the t-dependent basis w = (q p, q ip) of the t-dependent plane T = q Cp equals v = (A c 1, A c i) , with A c defined above, which (cf. Remark 2.2) proves our claim about A c .
Remark 10.1. A virtually identical argument shows that the differential of
is complex-linear at every point of P (S − ), for any fixed L ′ ∈ P (S − ). (Note that in T = q Cp conjugation is applied to p, but not to q.) Along with (13) this implies that the almost complex structure of G + 2 (V) is integrable and (10) is a biholomorphism, provided that the factor P (S + ) in P (S + ) × P (S − ) carries the conjugate of its standard complex structure.
Note the well-known fact that, for a Euclidean space W of any dimension, the almost complex structure on G + 2 (W ) described in §3 is integrable.
Transversality
Given a C 1 section φ of a vector bundle η over a manifold N and a point ξ ∈ N with φ(ξ) = 0, (a) φ is transverse at ξ to the zero section of η if and only if, for the fibre-valued function φ ′ : U → F representing φ in some, or any, local trivialization of η over a neighborhood U of ξ, the differential dφ ′ ξ : T ξ N → F is surjective. (b) φ is transverse at ξ to the zero section of η whenever this is the case for η, φ restricted to a submanifold of N containing ξ. This is a trivial exercise; (b) easily follows from (a).
Let P (W ) now be a real, complex or quaternion projective line obtained as in §2 from a plane W over a field K (one of R, C, H), and let η be the tautological K-line bundle over P (W ), with the fibre L at any L ∈ P (W ). Choosing, in addition, a K-valued sesquilinear inner product , in W and a nonzero vector u ∈ W , we now also define a K-line bundle ζ over P (W ) along with C ∞ sections φ in η and χ in ζ. Namely, ζ = η ⊥ is the orthogonal complement of η treated as a subbundle of the product bundle θ = P (W ) × W , while φ, χ are the η and ζ components of u, which is a constant section of θ, relative to the decomposition θ = η ⊕ ζ. Then (i) Either of φ, χ has just one zero, at which it is transverse to the respective zero section in η or ζ. (ii) If K = C, then, for some φ ′ , χ ′ : U → C representing φ, χ as in (a) above, the differential of φ ′ (or, χ ′ ) at the zero in question is an antilinear (or, complex-linear) isomorphism. In fact, we may fix v ∈ W with u, v = 0 and |v| = |u|. The unique zero of φ (or, χ) is u ⊥ = Kv ∈ P (W ) (or, v ⊥ = Ku ∈ P (W )); let us agree to identify its neighborhood M ′ = P (W ) {v ⊥ } (or, M ′ = P (W ) {u ⊥ }) with K, using the diffeomorphism K → M ′ given by z → K(zu + v) (or, z → K(zv+u)), cf. Remark 2.3. Under this identification, a local trivializing section of η (or, ζ) is defined on M ′ = K by z → zu + v (or, z → zu + v) and, evaluating , -orthogonal projections of u onto the directions of zu+v and zu + v in W , we see that the K-valued functions φ ′ , χ ′ corresponding to φ, χ as in (a) above are z → z and z → z divided, in both cases, by (|z| 2 + 1)|u| 2 . Their differentials at the respective zeros (i.e., at z = 0) are z → z/|u| 2 and z → z/|u| 2 . This gives (ii) and, combined with (a) above, proves the transversality claim in (i).
Remark 11.1. Suppose that K, K ′ are 2-dimensional submanifolds of a real 4-manifold M , both containing some given point ξ ∈ N , and K is the set of zeros of a C ∞ section φ of a complex line bundle λ over N , transverse to the zero section. Let α, β, γ be the differentials at ξ of the inclusion mappings K → N , K ′ → N and, respectively, of the restriction to K ′ ∩ U of a function φ ′ : U → C that represents φ in some local trivialization of λ having a domain U with ξ ∈ U . Finally, let N, K and K ′ all carry some fixed almost complex structures, so that they are all oriented via (1).
If γ is injective and β is antilinear, while α, γ are both complex-linear or both antilinear, then the orientation of K defined by (1) is the opposite of the orientation that K ⊂ N acquires by being the zero set of φ, cf. §2.
In fact, as (1)) is the direct sum of the complex-line orientation in T ξ K and the opposite of the orientation in T ξ K ′ pulled back by γ from C. In fact, our assumptions state that the complex structure prescribed in T ξ K, and the one in T ξ K ′ making γ antilinear, are either both identical with, or both conjugates of, the complex structures that T ξ K, T ξ K ′ inherit from T ξ N by being its complex subspaces.
12. Poincaré duals of Q and Q in G + 2 M Let K be a compact, oriented, not necessarily connected, codimension-two submanifold of an oriented even-dimensional real manifold N , and let λ be a complex line bundle over N . We will say that λ is Poincaré-dual to K if K is the canonically-oriented set of zeros (cf. §2) of some C ∞ section of λ transverse to the zero section.
This implies that
for any 2-cycle ∆ in N , due to the Poincaré index formula for λ restricted to ∆.
Theorem 12.1. Let M be an almost Hermitian surface treated as a 4-manifold along with a spin c -structure (σ + , σ − , κ) and a fixed global unit C ∞ section ψ of σ + , cf. §7. The line bundles λ + and µ + over G + 2 M , introduced in §9, then are Poincaré-dual to the oriented 6-dimensional submanifolds Q and Q of G More precisely, the λ + and µ + components φ, χ of π * ψ relative to the decomposition (11-a) are transverse to the zero sections in λ + and µ + , and their respective oriented manifolds of zeros are Q and Q.
Proof. Let us fix y ∈ M and consider the spin c (4)-geometry (S + , S − , K) = (σ + y , σ − y , κ), with the identification V = T y M (see §6). The fibre G The same definitions clearly imply that the pullbacks of λ + , µ + under (13), for any fixed L ′ , are the bundles η, ζ over P (W ), for W = S + , described in §11, while φ and χ, pulled back to P (S + ) via (13), coincide with the sections φ and χ defined in §11 for u = ψ(y). Our transversality claim thus is obvious from (i) in §11 combined with (b) in §11 for the submanifold of N = G + 2 M obtained as the image of (13). What remains to be shown is that the orientations of Q and Q defined at the end of §3 coincide with the orientations which they acquire by being the zero sets of transverse sections in complex line bundles over the oriented 8-dimensional manifold G Such agreement is in turn immediate from Remark 11.1 applied to N = G + 2 (V), ξ = T for any fixed T ∈ P (V) (or, T ∈ P (V)), K ′ which is the image of (13) with L ′ chosen so that T = Ψ (L, L ′ ) for some L, along with K = P (V) (or, K = P (V)) and with φ which is the restriction to the fibre G In fact, for φ, χ as in Theorem 12.1, φ ⊗ χ is transverse to the zero section in π * κ = λ + ⊗ µ + (cf. (11-b) ), by (a) in §11 with Q ∩ Q = Ø.
One could also prove Corollary 12.2 without mentioning (σ + , σ − , κ) and ψ at all. Instead, one might use the section of π * κ, for κ = det C T M , which assigns to (y, T ) ∈ G + 2 M the complex exterior product v ∧ w for any positive-oriented g-orthonormal basis (v, w) of the plane T ⊂ T y M . This section is transverse to the zero section in π * κ, as it equals −2iφ ⊗ χ (by Remark 14.1 below); however, having to establish its transversality directly would make such a proof quite tedious.
Spin c -manifolds with Higgs fields
We borrow the term 'Higgs field' from theoretical particle physics, where it stands for a distinguished section of a specific vector bundle over the spacetime manifold. Such a section leads to spontaneous symmetry breaking, that is, the reduction of the original structure group to a lower-dimensional Lie subgroup. (See, for instance, §11.5 of [2] .) This is analogous to the situation in §7, where by fixing a global unit C ∞ section ψ of σ + we reduce a spin c -structure (σ + , σ − , κ), having the 7-dimensional structure group Spin c (4) (see Remark 5.2), to an almost Hermitian structure, with the 4-dimensional group U(2). Allowing ψ to have zeros, we arrive at the following generalization of almost Hermitian structures.
Let (σ + , σ − , κ) be a spin c -structure over a 4-manifold M . By a Higgs field for (σ + , σ − , κ) we mean a C ∞ section ψ of σ + defined only up to multiplication by positive C ∞ functions on M and transverse to the zero section. The product of such a section ψ and a C ∞ function M → (0, ∞) then represents the same Higgs field as ψ does; for simplicity, however, ψ itself will also be called a 'Higgs field'.
For instance, any almost Hermitian structure on a 4-manifold M gives rise to the spin c -structure (σ + , σ − , κ), defined in §7, along with the Higgs field without zeros represented by the unit C ∞ section ψ of σ + described near the end of §7. On the other hand, every spin c -structure (σ + , σ − , κ) over a compact 4-manifold admits a Higgs field ψ, which may be chosen arbitrarily C 1 -close to any given C ∞ section of σ + .
Remark 13.1. Let Z ⊂ M be the discrete set of all zeros of a Higgs field ψ for a spin c -structure (σ + , σ − , κ) over a 4-manifold M . The open submanifold M ′ = M Z then carries the residual almost complex structure J, determined as in §7 by (σ + , σ − , κ) restricted to M ′ and ψ/|ψ|. Lemma 13.2. Given a Higgs field ψ for a spin c -structure (σ + , σ − , κ) over a 4-manifold M , let φ, χ be the λ + and µ + components of the section π * ψ of π * σ + relative to the decomposition (11-a). Then φ and χ are transverse to the zero sections in λ + and, respectively, µ + .
Proof. Transversality at points of the open dense set π −1 (M ′ ) ⊂ G + 2 M , with M ′ = M Z as in Remark 13.1, is obvious from the final clause of Theorem 12.1, applied to (σ + , σ − , κ) (and ψ) restricted to M ′ . Note that we may assume that |ψ| = 1 on M ′ by suitably rescaling both fibre metrics of σ ± , namely, dividing them by |ψ| 2 .
Given fibre-valued functions φ ′ , χ ′ that represent φ, χ in local trivializations of λ + and µ + , it is clear that (φ ′ , χ ′ ) will similarly represent π * ψ = φ+χ in the corresponding direct-sum local trivialization of π * σ + = λ + ⊕µ + . Our transversality assertion at points of π −1 (Z) is now immediate from (a) in §11, which completes the proof.
At the end of §3 we associated with any almost complex surface M a pair Q, Q of oriented 6-dimensional submanifolds of the Grassmannian manifold G + 2 M . Lemma 13.2 provides a natural generalization of that construction to the case where M is a 4-manifold carrying a spin c -structure (σ + , σ − , κ) with a fixed Higgs field ψ. Namely, we declare Q and Q to be the zero sets in G + 2 M of the sections φ, χ of λ + and µ + obtained as the components of π * ψ relative to the decomposition (11-a). In view of Lemma 13.2, Q, Q are, again, not-necessarily-connected, oriented 6-dimensional submanifolds of G + 2 M . The conclusion of Theorem 12.1 also remains valid, although now it is nothing else than the definition of Q and Q.
Given M, (σ + , σ − , κ), ψ as above and an immersion f : Σ → M of an oriented real surface Σ, we call x ∈ Σ a complex point of f if it is a Q-complex point or a Q-complex point, in the sense that F (x) ∈ Q or, respectively, F (x) ∈ Q, where F : Σ → G + 2 M is the Gauss mapping of f (see end of §3). This generalizes of the definitions given in §4, and will in turn allow us to define, in §14 and §15, what it means for such an immersion f to be totally real or pseudoholomorphic (which, again, is a straightforward extension from the almost-complex case).
Remark 13.3. For M, (σ + , σ − , κ), ψ and Z as in Remark 13.1, and for any immersion f : Σ → M of an oriented real surface Σ, every point x ∈ Σ with f (x) ∈ Z is a complex point of f . More precisely, every oriented plane in T f (x) M then lies in both Q and Q.
Totally real immersions of oriented surfaces
Given a 4-manifold M and a spin c -structure (σ + , σ − , κ) over M with a fixed Higgs field ψ (see §13), we will say that an immersion f : Σ → M of an oriented real surface Σ is totally real if f has no complex points (defined as in §13), that is, if (Q ∪ Q) ∩ F (Σ) = Ø for its Gauss mapping F .
Relations (3) - (4) remain valid in this case. In fact, the pullbacks F * λ + and F * µ + are canonically trivialized by the λ + and µ + components of π * ψ, so that (11-b) yields (3), while (12) now gives F * τ = F * λ − = F * ν, and hence (4) . (Note that T Σ = F * τ and ν f = F * ν, cf. end of §9.)
Immersions of oriented real surfaces in spin c -manifolds with Higgs fields obviously include, as a special case, their immersions in almost complex surfaces (see §13). However, for totally real immersions one can also turn this relation around and view the former as a special case of the latter. In fact, the image of such an immersion f : Σ → M must lie in the open submanifold M Z on which the Higgs field is nonzero (cf. Remark 13.3) and, by Theorem 12.1, f : Σ → M Z then is a totally real immersion in the almost complex surface formed by M Z with the residual almost complex structure J described in Remark 13.1.
Let ψ again be a Higgs field for a spin c -structure (σ + , σ − , κ) over a 4-manifold M , and let E + denote the total space of the unit-circle bundle of κ. Every totally real immersion f : Σ → M of an oriented closed real surface Σ gives rise to a mapping Ξ : Σ → E + with Ξ(x) = (y, ρ/|ρ|), where, for any x ∈ Σ, we set y = f (x) and ρ = φ⊗χ with φ, χ standing for the λ + and µ + components of π * ψ at F (x). (Thus, φ⊗χ ∈ (π * κ) F (x) = κ y by (11-b) .) The homotopy class of this mapping Σ → E + may be called the oriented Maslov invariant of f . (See [3] and Remark 14.1 below.)
Here π : G + 2 M → M is, as usual, the bundle projection of the Grassmannian manifold, and F is the Gauss mapping of f , cf. end of §3.
According to Gromov [5, p. 192 ], the h-principle holds for totally real immersions of closed real surfaces in almost complex surfaces. Therefore, the oriented Maslov invariant classifies such immersion up to the equivalence relation of being homotopic through totally real immersions. (See [3] .)
The last conclusion remains valid, more generally, for totally real immersions of oriented closed real surfaces in a 4-manifold endowed with a spin c -structure and a Higgs-field. Namely, Z in Remark 13.1 is a discrete subset of M . Hence, for dimensional reasons, the set of homotopy classes of mappings Σ → E + remains unchanged when E + is replaced by its portion lying over M Z, while the set of equivalence classes of totally real immersions Σ → M is the same as for totally real immersions Σ → M Z.
Remark 14.1. We have v ∧ w = −2iφ ⊗ χ whenever (v, w) is a positive-oriented g-orthonormal basis of a plane T ⊂ T y M at a point y of a 4-manifold M with a Hermitian structure (J, g), and φ, χ denote the λ + and µ + components of π * ψ at (y, T ) relative to the decomposition (11-a) for the spin c -structure (σ + , σ − , κ) and the unit section ψ of σ + associated with (J, g) as in §7. Here v ∧ w is the complex exterior product, so that v ∧ w ∈ κ y with κ = det C T M (see §7); also, φ ⊗ χ ∈ (π * κ) (y,T ) = κ y in view of (11-b) .
Consequently, the above definition of the Maslov invariant is equivalent to that in [3] , which uses v ∧w/|v ∧w| instead of our ρ/|ρ|. (The −i factor, representing a rotation, leaves the homotopy class unaffected.)
Relation v ∧ w = 2iφ ⊗ χ amounts to Aψ ∧ Bψ = −2iφ ∧ χ for any positive-oriented orthonormal basis (A, B) of T ∈ G + 2 (V), where V is the space (9) for a fixed spin c (4)-geometry (S + , S − , K), and φ, χ are the L and L ⊥ components of ψ ∈ S + , with complex lines L ∈ P (S + ) and L ′ ∈ P (S − ) such that T = Ψ (L, L ′ ) for Ψ as in (10). Note that it is the Clifford multiplication by ψ(y), for y ∈ M , that turns V = T y M into a complex vector space by identifying it with σ − y (see §7). Equality Aψ ∧ Bψ = −2iφ ∧ χ holds since, due to the matrix form of any A ∈ V (see Remark 5.2), A * A equals |A| 2 times the identity operator of S + . The Euclidean inner product , of V thus is given by 4 A, B = Trace R A * B which, if A = 0, coincides with |A| −2 Trace R A −1 B. However, A −1 B has the eigenvalues z, z for some z ∈ C with Im z > 0, realized by eigenvectors in L and, respectively, L ⊥ . (See end of §8.) As A, B = 0, that is, Trace R A −1 B = 0, we then have Re z = 0. Also, A, B are linear isometries (being homotheties of norm 1, cf. Remark 5.2), and so |z| = 1, i.e., z = i. Now Bφ = iAφ, Bχ = −iAχ. Thus, from ψ = φ + χ, we get iAψ ∧ Bψ = 2Aφ ∧ Aχ = 2(det A)φ ∧ χ with det A = 1 (see Remark 5.2).
Pseudoholomorphic immersions
Let ψ be a fixed Higgs field (cf. §13) for a spin c -structure (σ + , σ − , κ) over a 4-manifold M . We say that an immersion f : Σ → M of an oriented real surface Σ is pseudoholomorphic if the image F (Σ) ⊂ G + 2 M of the Gauss mapping of f (see end of §3) is contained in the set Q described in §13, that is, if every point of Σ is a Q-complex point of f .
In terms of the set Z of zeros of ψ, an immersion f : Σ → M of an oriented real surface is pseudoholomorphic if and only if its restriction to Σ f −1 (Z) is pseudoholomorphic, in the sense of §4, relative to the residual almost complex structure J on M ′ = M Z described in Remark 13.1. (In fact, by Remark 13.3, all points of f −1 (Z) are Q-complex points of f .) Such an immersion therefore induces an almost complex structure on Σ f −1 (Z) which is always integrable as dim Σ = 2, and has an extension to a complex structure on Σ (by Remark 15.1 below, since Z is discrete).
Remark 15.1. Let g be a Riemannian metric on a manifold M and let J be an almost complex structure on M ′ = M {y}, compatible with g, for some given point y ∈ M . If Σ ⊂ M is a two-dimensional real submanifold such that y ∈ Σ and the inclusion mapping Σ ′ → M ′ of Σ ′ = Σ {y} is pseudoholomorphic relative to J, then the (integrable) almost complex structure which J induces on Σ ′ has a C ∞ extension to Σ. This is clear as J restricted to T Σ ′ is uniquely determined, as in Remark 2.1, by the metric on Σ ′ induced by g and the orientation of Σ ′ induced by J via (1), both of which admit obvious extensions to Σ.
A projection of CP n onto S 2n
Throughout this section V is a fixed complex vector space of complex dimension n < ∞ with a Hermitian inner product , and the corresponding norm | |, while S, P stand for its natural compactifications: namely, S ≈ S 2n is obtained by adding to V a new point at infinity, that is, S = V ∪ {∞}, while P ≈ CP n is the set of all complex lines through zero in the direct sum (product) complex vector space V × C, i.e., P = P (V × C) (cf. §2). We use the homogeneous-coordinate notation, so that [y, z] ∈ P is the line spanned by (y, z) ∈ V ×C whenever y ∈ V , z ∈ C and |y|+|z| > 0. Thus, P = V ∪H, where we treat V as a subset of P , identifying any y ∈ V with [y, 1], and H ≈ CP n−1 is the hyperplane of all [y, 0] with y ∈ V {0}. For y ∈ V {0} we now have [y, 0] = L × {0} ∈ H, with L = Cy ∈ P (V ).
Finally, Φ, pr denote the inversion Φ : S → S with Φ(y) = y/|y| 2 for y ∈ V {0}, Φ(0) = ∞, Φ(∞) = 0, and the projection pr : P → S with pr([y, z]) = y/z if z = 0 and pr([y, 0]) = ∞.
The C ∞ -manifold structure of S is introduced by an atlas of two V -valued charts, formed by Id : S {∞} = V → V and Φ : S {0} → V . As one easily verifies in both charts, Φ is a diffeomorphism S → S, while pr : P → S is always of class C ∞ and, if n = 1, it is a diffeomorphism as well. (A function of [y, z] is differentiable if and only if it is differentiable in (y, z).) Thus, pr : V ∪H → V ∪{∞} is the result of combining Id : V → V with the constant mapping H → {∞}. In other words, pr identifies S with the quotient of P obtained by collapsing H to the single point ∞.
For any L ∈ P (V ), i.e., any complex line L through 0 in V , (14) L is the image of the differential of Φ •pr at the point L×{0} ∈ P , with L treated as a real vector subspace of V = T 0 V = T 0 S. In fact, since pr is constant on H, its real rank at L × {0} is at most 2, and so (14) will follow if we show that the image in question contains L. To this end, note that, as we just saw, pr and Φ send the complex projective line
the differential dΦ y is complex-linear on y ⊥ and antilinear on Cy .
The y ⊥ part is obvious since dΦ y acts on the Re , -orthogonal complement of y, which includes y ⊥ , via multiplication by |y| −2 , as one sees applying Φ to curves on which the norm | | is constant. For the Cy part, note that L = Cy is tangent at y to the Φ-invariant submanifold L {0} ⊂ V , which we may identify with C {0} using the diffeomorphism of C {0} onto L {0} sending z to zy/|y|. This makes Φ restricted to V {0} appear as the standard antiholomorphic inversion z → z/|z| 2 = 1/z.
Standard Higgs fields on the 4-sphere
We define a specific spin structure (σ + , σ − ) over the sphere S 4 (see end of §6) by first identifying S 4 with the quaternion projective line P (W ) ≈ HP 1 for a given quaternion plane W (cf. §2 and Lemma 17.1(a) below), and then choosing σ + , σ − to be, respectively, the tautological H-line bundle over P (W ), with the fibre L at any L ∈ P (W ), and the quotient σ − = θ/σ + , where θ = P (W ) × W is the product bundle over P (W ) with the fibre W . A fixed quaternion inner product , in W now turns both σ ± into normed quaternion line bundles, with the structure group SU(2) (cf. the matrix in (7)), which also makes them Hermitian plane bundles (see the lines following (1)), and yields the norm-preserving identifications
, the properties of A named in (9) follow easily. Every nonzero vector u ∈ W now gives rise to a section ψ of σ + with
this ψ is a Higgs field for the spin structure (σ + , σ − ) over P (W ), cf. §13, and will be called a standard Higgs field for (σ + , σ − ). In fact, ψ has just one zero, at u ⊥ ∈ P (W ), and is transverse to the zero section by (i) in §11.
Lemma 17.1. Let ψ be the standard Higgs field for the spin structure (σ + , σ − ) over P (W ) corresponding to a nonzero vector u in a quaternion inner-product plane W , and let the quaternion line V = u ⊥ ∈ P (W ) be treated as a complex Hermitian plane, cf. §2. If S = V ∪ {∞} is the 4-sphere described in §16 and Θ : S → P (W ) is the extension, with
The residual almost complex structure J on P (W ) {V }, associated with ψ as in Remark 13.1, corresponds under Θ to the obvious structure on the complex vector space V = S {∞}.
Proof. Both Θ and Θ −1 appear as real-rational mappings in standard projective coordinates for P (W ) (cf. Remark 2.3) and the two charts for S (see §16), which proves (a). Given y ∈ V and v ∈ V = T y V = T y S, the operator A : L → W/L with L = Hw for w = y + u, corresponding to dΘ y v under (2), sends w = y + u to the coset v + L (see Remark 2.3), so that, by H-linearity of A, the A-image of ψ(L) = pr L u = u, w w/|w| 2 is the coset of L in W containing u, w v/|w| 2 , i.e., v times the real scalar |u| 2 /(|y| 2 + |u| 2 ). (Note that u, w = |u| 2 as y ∈ V = u ⊥ .) The dependence of that coset on v thus is C-linear, relative to the obvious complex structure of V . This yields (b), completing the proof.
Remark 17.2. Combined with the second paragraph of §15, Lemma 17.1 shows that an immersion f of an oriented real surface Σ in the 4-sphere S = V ∪ {∞} is pseudoholomorphic relative to some standard Higgs field in the spin structure (σ + , σ − ) over S if and only if, restricted to Σ f −1 (∞), it is pseudoholomorphic as an immersion into the complex plane V .
Smoothness at infinity for holomorphic curves in C n
As a step toward a classification proof in §20, we will now show that any smooth real surface in the sphere S 2n = C n ∪ {∞}, obtained by adding the point ∞ to a holomorphic curve in C n , is the image of a holomorphic curve in CP n = C n ∪ CP n−1 under a natural projection (see §16) which restricted to C n is the identity, and sends the hyperplane CP n−1 onto ∞.
Lemma 18.1. Given V, , , S, ∞, P, H, Φ, pr as in §16, let Σ be a twodimensional real submanifold of S such that ∞ ∈ Σ and Σ {∞} is a complex submanifold of
(ii) Σ is the pr-image of a one-dimensional complex submanifoldΣ of P which intersects H, transversally, at the single point L × {0}.
A proof of Lemma 18.1 is given in the next section.
Remark 18.2. Given a complex inner-product space V of any dimension n < ∞, we can now describe all two-dimensional real submanifolds Σ of the 2n-sphere S = V ∪ {∞} for which ∞ ∈ Σ and Σ {∞} is a complex submanifold of V . Namely, they coincide with the pr-images of the onedimensional complex submanifoldsΣ of the projective space P = V ∪ H that intersect the hyperplane H ≈ CP n−1 , transversally, at a single point. In fact, every such Σ is of this form by Lemma 18.1(ii), while the converse statement is immediate since pr :Σ → S is an immersion: by (14), its real rank at the intersection point ofΣ with H equals 2.
Proof of Lemma 18.1
Denoting Γ the unit circle about 0 in L, let us choose ε ∈ (0, ∞) and a
and y(t, u) = 0 unless t = 0, for every u ∈ Γ . For instance, we might set y(t, u) = exp 0 tu, using the exponential mapping at 0 ∈ N of any Riemannian metric on N .
To prove (i), let us fix u ∈ Γ and, for any given t ∈ (0, ε], write x = y(t, u), v =ẏ(t, u). Thus, dΦ x v ∈ T Φ(x) Σ, as v ∈ T x N and N = Φ(Σ). Since T Φ(x) Σ is closed under multiplication by −i, combining this with (15) we obtain iv rad − iv tng ∈ T x N , where v rad , v tng are the components of v relative to the decomposition V = Cx ⊕ x ⊥ . In the last relation, v rad , v tng and x all depend on t, and taking its limit as t → 0 we get iu ∈ T 0 N , since v rad → u, v tng → 0 as t → 0 (see the next paragraph) and, clearly, x → x(0) = 0. Therefore, u, iu ∈ L = T 0 N , which yields (i).
To obtain relations v rad → u and v tng → 0 as t → 0, note that v → u by continuity ofẏ(t, u) in (t, u). (In all limits, t → 0.) Next, x/t → u (sinceẏ(0, u) = u), and so x/|x| → u, as x/|x| = (x/t)/|x/t|. Thus, v rad = v, x/|x| x/|x| → u, u u = u, and v tng = v − v rad → u − u = 0.
Since [y, z] = [t −1 y, t −1 z] for [y, z] ∈ P and t ∈ R {0}, the definitions of Φ and pr give pr −1 (Φ(y(t, u))) = [t −1 y(t, u), t −1 |y(t, u)| 2 ], while t −1 y(t, u) → u and t −1 |y(t, u)| 2 → 0 as t → 0, uniformly in u ∈ Γ .
In fact, from Taylor's formula, y(t, u) = tu+t 2 ω(t, u) with a C ∞ mapping ω : [0, ε]×Γ → V . (Integration by parts gives ω(t, u) = 1 0 (1−s)ÿ(st, u) ds.) As y(t, u) = t(u + tω(t, u)), convergence follows from continuity of ω, and is uniform due to compactness of Γ .
In other words, the restriction to Σ {∞} = Φ(N {0}) of the biholomorphism pr −1 : S {∞} → P H (i.e., of the identity mapping of V ) has a limit at ∞ equal to L × {0} ∈ H, that is, to [u, 0] for any u ∈ Γ . Settinĝ f = pr −1 on Σ {∞} andf (∞) = L × {0} we now obtain a continuous mappingf : Σ → P , which is holomorphic on Σ {∞}. Also, the complex structure of Σ {∞} has an extension to Σ.
Such an extension exists in view of Remark 15.1 applied to M = S {0}, y = ∞, and J which is the standard integrable almost complex structure on M ′ = V {0} = S {0, ∞}, along with the metric g obtained as the pullback under Φ of the standard Euclidean metric Re , on V . Note that, since Φ is conformal, g equals a positive function times Re , , and so is still compatible with J.
Some neighborhood of ∞ in Σ is therefore biholomorphic to a disk in C, so that the mappingf : Σ → P , continuous on Σ and holomorphic on Σ {∞}, must be holomorphic on Σ. Also, by continuity, pr •f coincides with the inclusion mapping Σ → S. Thus,f is a C ∞ embedding, and hence a holomorphic embedding. SettingΣ =f (Σ) we thus obtain a biholomorphismf : Σ →Σ, the inverse of which is pr restricted toΣ (and valued in Σ). Since pr is constant on H, transversality ofΣ and H follows, completing the proof of Lemma 18.1.
Real surfaces, pseudoholomorphically immersed in S 4
For the 4-sphere S = V ∪ {∞} obtained as in §16 (with n = 2) from a Hermitian plane V, an immersion f : Σ → S of an oriented real surface Σ will be called pseudoholomorphic if its restriction to Σ f −1 (∞) is a pseudoholomorphic immersion in the complex plane V . According to Remark 17.2, this amounts to its being pseudoholomorphic for a certain standard Higgs field in the spin structure (σ + , σ − ) over S defined as in §17.
In this section we classify such immersions of closed surfaces Σ, beginning with the special case of embeddings.
Theorem 20.1. Let P ≈ CP 2 , S ≈ S 4 and pr : P → S be defined as in §16 with n = 2, for some two-dimensional complex inner-product space V , so that P = V ∪ H and S = V ∪ {∞}, where H ≈ CP 1 is a projective line in P , while pr sends H to ∞ and coincides with the identity on V .
The oriented closed real surfaces pseudoholomorphically embedded in S then are all diffeomorphic to S 2 , and coincide with the pr-images of complex projective lines other than H in the projective space P .
In fact, ∞ ∈ Σ for any pseudoholomorphically embedded, oriented closed real surface Σ ⊂ S (as Σ cannot lie entirely in V = S {∞}), and so Remark 18.2 with n = 2 gives Σ = pr(Σ) for a one-dimensional compact complex submanifoldΣ which intersects the projective line H, transversally, at a single point. By Chow's theorem [4] ,Σ is algebraic, and hence of degree one, as required. The converse statement is clear from Remark 18.2.
Theorem 20.2. Under the hypotheses of Theorem 20.1, the pseudoholomorphic immersions f : Σ → S of any oriented real surface Σ are nothing else than the composites pr •f , wheref runs through all pseudoholomorphic immersions Σ → P transverse to H. This is immediate if one replaces Σ by the f -image of a suitable neighborhood in Σ of any given point of f −1 (∞) and, again, applies Remark 18.2.
Unlike Theorem 20.1, the last result does not even assume closedness of Σ. However, when the surface Σ is closed, Chow's theorem [4, p. 167] 
Blow-ups and blow-downs involving Higgs fields
The one-to-one correspondence, in Theorem 20.2, between pseudoholomorphic immersions f : Σ → S on the one hand, andf : Σ → P on the other, is a special case of two mutually inverse constructions. They involve an Finally, in both cases described above, for any oriented real surface Σ, relation f = pr •f defines a bijective correspondence between pseudoholomorphic immersionsf : Σ →M which are transverse to H, and pseudoholomorphic immersions f : Σ → M . This conclusion, obtained from Remark 18.2 exactly as in our two-line "proof" of Theorem 20.2, includes Theorem 20.2 as a special case with M = S andM = P .
